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Ice flow models Ice sheet ﬂOW equatlonS

Larour et al. T
Incompressibility

ou Ov  ow
Approximations V= s) = - - =
implemented VERE G e =) = ox & ay + 8z 0 M
Ice flow equation
Diagnostic parameters . )
Boundary conditions * v = (u,v,w) ice velocity (m/yr)
* € strain rate tensor (yr')
Methods implemented in
ISSM
Penalies Incompressible viscous fluid
Tiling method
Utilizati
ization o = 2u¢ @
* o' deviatoric stress
* p ice viscosity
* ¢ strain rate tensor
Glen’s flow law
B
p=— 3)
2¢,7
* Bice hardness
* nGlen’s law coefficient (n = 3)
JPL ISsM

* £ effective strain rate (second invariant)
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Ice Sheet flow equations

© Stokes flow (quasi-static assumption)
@ Coriolis effect negligible

Boundary conditions

Ice/Air interface: Free surface
Ice/Ocean interface: water pressure
Ice/Bedrock interface (1): lateral friction
Ice/Bedrock interface (2): impenetrability
Side boundaries: Dirichlet

Conservation of momentum

V.o —VP+pg=0
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Ice flow models Models descrlp'[lon

Larour et al. P‘lll.liStOkes (FS)
{Qoproximalions
e Full-Stokes model: =
|
s:ju‘-‘n"d";‘fc‘(’;’;‘;;‘:’s - Momentum balance + incompressibility —]
+ 3D model ‘:
‘I\gesthhl‘odsimplememedm - Four unknowns (Vx, Vi Vi p) |
Penalties
Tiling method
Utilization
(v, vy, 02, P)
Model equations
1} OVvx 19} Oy BVy) 19} ( Ovx sz> op
— (2p== Ry (Phetd T A) TN ZEN L g
ax(“ax)+ay(“ay+“ax +Bz ‘u82+'u8x ox
2] Oy va) 0 ( BVy) a ( vy sz) op
— ([(p=Z g p=E)) 4+ = (Bp=L ) 4+ = (p=Z _%_9
Bx('uay +'u8x +3y “ay +Bz 'u82+'u8y oy
2] Ay sz> a ( vy 3Vz) 2] ( sz> op
— — — (p== — — (2 —— —pg=0
x(‘uaz+'u8x +8y 'u32+'u3y +E)z “az oz 9
7] o 7]
dw v  ov: "
JPL ox oy oz ESSTN
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Larour et al. Blatter-Pattyn (BP)

Rt Higher-order model: y
‘D;‘Wfp‘ml - [Blatter, 1995, Pattyn, 2003] 7 3
| :
Boundary conditions - 3D model <__ \\‘
[P * Horizontal and vertical velocity decoupled <—‘_~ \t
- © 2 (vx, vy) + 1 (vz) unknowns ; \
Tiling method \_ ol
Utilization e
("-w"y)
Model equations
1} OVvx 19} Oy vy ) 19} ( ovx  Ovz ) op
— (2u _ il . X DI | I
Bx( ax)+ay(“ay+ ax ) Yoz \Paz™ax ) " ax
2] Oy va) 0 ( BVy) a ( vy 8vz) op _
= ol — (2w - it 4
ox (“ ay TPax ) Tay \*ay ) Tz \Paz ey ) "oy =
2] Avy ovz 0] vy 8v2> 2] ( sz> op
. -z . 2 o == =
ox (“az Jr“(’)X)Jr8y< 62Jr ay oz “az o0z rg
ov , ov | ov: _
JPL ox oy oz ISSM
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Laroureral MacAyeal-Morland (SSA)
o Shelfy-stream approximation:
Ice flow equation .
Diagnosh:paramelers [MaCAyeaI’ 1989] \
Boundary conditions « 2D model §
——— * Horizontal and vertical velocity decoupled \
S * 2 (vx, vy) + 1 (vz) unknowns §
Tiling method _—
Utilization \
(02, vy)
Model equations
2] Ay a vy BVy) a ( vy sz> op
— (=X (4 = LN _E g
6x(“6x)+3y('u8y+'uax +E)z ”az+“ax ox
e} Ovx va) 13} ( avy) 14} ( vy sz) ap
i X Y iy Y Yt 4 iy e Y 0
ox ('u oy +'u8x + oy “ay + oz ”az e oy oy
16} vy sz> 1%} ( vy avz> e} ( sz> op
— — — — — — (2 —— —pg=0
ox (“az Jr“(’)x Jr(’)y “az Jr“6y +E)z “az o0z 9
JPL X y z ISsM
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Models description

Shallow ice approximation:
* [Hutter, 1983]
+ 3D analytical model

* 2 unknowns (v, vy) computed separately

Hutter (SIA)

(02, vy)

Model equations

o Ovy 19} Ovx
“ (2 - I
8x<“8x>+8y (H()y +

1o} Ovy va) 7] (
— — (2
ox (Hay +H8x +<9y

2 (42, ,8%), 2 (
ox Haz H(’)x oy L

Oy
ox

vy
Hox
vy

H(’)iy

vy

o0z

oy
oy

)+az(

)+

vy OV op
(“E“‘aT) “ax 0

vy sz) ap

Y - T _0
- o0z e oy oy

16} vy op

— (2 o == =

o0z ( o 82) o0z rg
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Larour et al.

Model equations

Approximations

implemented 7] Bvx) 7] ( Ovy 8vy) 7] ( Oy sz> op
lce flow equation — | 2pn—— — —_ —, — “Z)__"_0
‘Dia;‘nosh:pi;ramelers ox ( H ox i By = 8y e ox i o0z (2 oz i ox ox
Boundary conditions
2] Ay va) 0] ( 8vy) a ( vy sz) op
= ([ 2y = (2p= = - X=0
Methods implemented in ox (H oy i ox + oy = oy + 0z = 0z te oy oy
ISSM
RIS 1%} OVvx ovz 19} ovy 8vz) 1} ( sz> op
iling metho — — — — — — — (2 - — =0
Ll‘nganor:h ’ ox ('u 0z i 8X> + oy ('u o0z T oy + oz o oz 0z rg
Ovx  Ovy  Ovz
ax oy ' oz
Glen’s flow law
B
H= "3 ®)
2¢,7

* Bice hardness

* nGlen’s law coefficient (n = 3)

* &g effective strain rate (second invariant)
JPL — Treatment of non-linearity with fixed point ISSM
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Ice flow models Matenal non-||neal’lty

Larour et al.
Treatment of non-linearity with fixed point:
Approximations
implemented Initial velocity u = uP4w Initial velocity ug
Ice flow equation
Diagnostic parameters
Boundary conditions
Methods implemented in
ISSM Compute u?
Penalties N
Tiling method a(ut, @) =1(®) Compute ug
Utilization
as (us, @) =1, (®)
Viscosity
convergence
Viscosity
Compute w
convergence
‘ Solution u = uP+w | | Solution ug

Vertical velocity computed with incompressibility for 2d shelfy-stream and 3d

Blatter/Pattyn modes.
JPL ISSM




ISSM WORKSHOP 2011 JET PROPULSION LABORATORY
Ice flow models FIOW equatlon

Larour et al.

Approximations
implemented

Ice flow equation

Diagnostic parameters setflowequation is used to generate the approximation used to compute the

Boundary conditions

velocity
Methods implemented in + Arguments:
ISSM
Penalties © model i )
Tiling method @ approximation names
Utilization ©® approximation domains

- Domains can be Argus files or array of element flags
+ Approximation available

- stokes (Full-Stokes model)

+ pattyn (Higher-order model)

- macayeal (Shallow Shelf Approximation)
- hutter (Shallow Ice Approximation)

* Possibility of coupling models

JPLU
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Ice flow models FIOW equatlon

Larour et al.

Approximations
implemented

Ice flow equation

S Setflowequation is used to generate the approximation used to compute the
Boundary conditions velocity

Methods implemertad i + Examples

ISSM

Penalties

Tiling method

Utilization 1 md=setflowequation (md, 'hutter','all')
2 md=setflowequation (md, 'stokes','all')
3 md=setflowequation (md, 'macayeal','all')
4 md=setflowequation (md, 'pattyn','all')

To diplay the type of approximation:

1 >> plotmodel (md, 'data', '"elements_type')

JPLU
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Ice flow equation
Diagnostic

| 1 >> plotmodel (md, 'data’, 'elements_type')

Boundary conditions
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Elements type

I Hutter's elements

[ MacAyeal's elements
[IPattyn’s elements

[ MacAyealPattyn’s elements
[_IStokes’s elements
MacAyealStokes’s elements
PattynStokes'’s elements
I None element

N e
VAN
PAYATASTA

AgAVg

<

Vf

<
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N

=

IssM
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Flow equation class

JET PROPULSI
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©CONO O AN =

>> md.flowequation
ans =

flow equation parameters:
ismacayealpattyn
ishutter
isstokes
vertex_equation
element_equation
bordermacayeal
borderpattyn
borderstokes

N/A

is the macayeal or pattyn approximation used ?

is the shallow ice approximation used ?
are the Full-Stokes equations used ?

flow equation for each vertex

flow equation for each element

vertices on MacAyeal's border (for tiling)
vertices on Pattyn's border (for tiling)
vertices on Stokes' border (for tiling)
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Diagnostic class

PROPULSION LABORATOR

CONOOBWN =

>>

ans

nd.diagnostic

Diagnostic solution parameters:

Convergence criteri

restol : 0.0001
reltol 1 0.01
abstol 110
maxiter : 100
viscosity_overshoot : 0
boundary conditions:
spevx @ N/A
spevy @ N/A
spevz @ N/A
icefront @ N/A
2->Ice
Rift options:
rift_penalty_threshold : 0
rift_penalty_lock ;10
Penalty options:
penalty_factor 13
vertex_pairing 1 N/A
Other:
shelf_dampening 0
stokesre nditioning @ 1
referential @ N/A
requested_outputs 1 N/A

mechanical equilibrium residue convergence criterion
velocity relative convergence criterion, NaN -> not applied
velocity absolute convergence criterion, NaN -> not applied
maximum number of nonlinear iterations

over-shooting constant new=new+Cx (new-old

x-axis velocity constraint (NaN means no constraint
y-axis velocity constraint (NaN means no conmstraint
z-axis velocity constraint (NaN means no constraint
segments on ice front list (last column 0-> Air, 1-> Water, . . .

threshold for instability of mechanical constraints
number of iterations before rift penalties are locked

offset used by penalties: penalty = Kmaxs10"offset

pairs of vertices that are penalized

use dampening for floating ice ? Only for Stokes model
multiplier for incompressibility equation. Only for Stokes model
local referential

additional outputs requested

14/23
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Aeploinslons Boundary conditions created automatically or manually
Ice flow equation . Automatica”y:

Diagnostic parameters
Boundary conditions

e —— 1 >> md=SetIceSheetBC (md)
ISSM 2 >> md=SetIceShelfBC (md, 'Front.exp')
Fenalties 3 >> md=SetMarineIceSheefBC (md, 'Front.exp')

Tiling method

Utilization

- Manually: fields to change
md.diagnostic.spcvx
md.diagnostic.spcvy
md.diagnostic.spcvz
md.diagnostic.icefront

* To diplay the boundary conditions

| 1 >> plotmodel (md, 'data', 'BC'") |

JPL ISSM




leflowmedels — \odels description

Larour et al.

"Everything should be made as simple as possible, but no simpler.” Albert Einstein

Approximations

implemented
IR Model Dim.  Unknowns Reference
Diagnostic parameters
Boundary conditions Full-Stokes (FS) 3d 4 [Stokes, 1845]
ot mlerad Blatter-Pattyn (BP) 3d 2+1 [Blatter, 1995, Pattyn, 2003]
Penalies Shallow shelf (SSA) 2d 2+1 [MacAyeal, 1989]
i Shallow ice (SIA) 2d 241 [Hutter, 1983]
Hutter (SIA) MacAyeal-Morland (SSA) Blatter-Pattyn (BP) Full-Stokes (FS)
N TS
4—§ == I TE=E N
TN N NN
\ Rl
(02, vy) (v2yvy) (02, v9) (vz, vy, v=, P)
JPL ISsM
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Ice flow models Penalty method

Larour et al.
Approximations = Only to couple SSA and HO
implemented
E e - Very stiff spring to penalize differences between degrees of freedom

Diagnostic parameters
Boundary conditions

Methods implemented in
ISSM

Penalties
Tiling method
Utilization

Using penalties to couple models:

| 1 md=setflowequation(md, 'macayeal', 'FloatingIce.exp','fill', 'pattyn', 'coupling', 'penalties')

JPLU IS
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Ice flow models Doma|n DeCOmpOS|t|0n

Larour et al.
s Q=QUQ
App‘mx»mausns Qs =U N #D
implemente -~
Ice flow equation c U= U ‘91 + Up ‘92 c V(Q) = (V1 (Q1) + Vs (Qz))
Diagnostic parameters

Boundary conditions

Methods implemented in
ISSM

Penalties
Tiling method
Utilization

0

T

I Iy

Find u = u4 |Q1 —|—U2|nz eV,
V(vi,v2) €V a(ur+ up, vy + v2) =1(vy + v2)

— Infinite number of solutions for the continuous problem

JPLuL ISsK
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Larour et al.

Approximations

implemented

Ice flow equation Uz |
Q2

Diagnostic parameters

Boundary conditions

Methods implemented in
ISSM

Penaltes ] Iy Qs It Q
Tiling method
Utilization

We take advantage of the discretization to avoid the redundancy:
— Create one layer of elements in the superposition zone

JPLU




leeflowmodels N[y [ti-model formulation

Larour et al.

Two different models: a1, a» and 1, b

Approximations

implemented Findu=uy  +up € (Vy+ Vs),suchthat:
Q Q

Ice flow equation
Diagnostic parameters
Boundary conditions

W=V, V2, € (Vs + Vo)

Methods implemented in
ISSM

Penalties

Tiing method a4 (u1 lo, > Vq ‘Q1) + ao (Uz lo,? Vo ‘ﬂz) +

Utilization

model 1 model 2

a (U1 lg,» V2 ‘ﬂz) + & (Uz lg,» V1 |Q1)

model coupling
=/ (v )+l (v )
1 (Y1l 2\ V2q,
N e

N —
model 1 model 2

 Coupling different mechanical models

- Easy to implement (local modification of stiffness matrices)

JPLuL ISsK
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Flow equation

setflowequation is used to generate the approximation used to compute the

velocity
- Examples
1 md=setflowequation (md, 'pattyn',md.elementongroundedice,'fill', 'macayeal', 'coupling', 'penalties"'
2 md=setflowequation(md, 'pattyn',md.elementongroundedice,'fill', 'macayeal', 'coupling','tiling')
3 md=setflowequation (md, 'stokes', 'Contour.exp','fill', 'pattyn')

Use exptool to create EXP contours

>> exptool ('Contour.exp')
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Ice flow models

Flow equation
* To diplay the type of approximation:

Larour et al.
Ice flow equations
Approximations
implemented

Ice flow equation 1 >>
Diagnostic parameters
Boundary condiions

plotmodel (md, 'data’', 'elements_type', 'edgecolor', 'k', 'expdisp', 'Contour.exyg

Combining models

Methods implemented in Elements type
ISSM

Penalties

Hutter’s elements
. . [ MacAyeal's elements
VLT TEAT [JPattyn’s elements
Utilization

I PattynStokes’s elements
I None element

JPL iSsM
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Larour et al.

& Blatter, H. (1995).

SR Velocity and stress-fields in grounded glaciers: A simple algorithm for including
E e deviatoric stress gradients.

Diagnostic parameters
Boundary conditions

B Hutter, K. (1983).

oy TPemertedin Theoretical glaciology: material science of ice and the mechanics of glaciers
e and ice sheets.
Tiling method

Utilization
@ MacAyeal, D. (1989).
Large-scale ice flow over a viscous basal sediment - Theory and application to
ice stream-B, Antarctica.

B Patyn, F. (2003).
A new three-dimensional higher-order thermomechanical ice sheet model:
Basic sensitivity, ice stream development, and ice flow across subglacial lakes.

G Stokes, G. (1845).
On the theories of internal friction of fluids in motion.

JPLuL ISsM







